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We introduce a large equivalence class of graph properties, all of which are shared by so-
called random graphs. Unlike random graphs, however, it is often relatively easy to verify that a
particular family of graphs possesses some property in this class.

1. Introduction

Perhaps the simplest model of generating a “random” graph G on n vertices is
the process which considers each of the possible pairs {v, v"} of vertices of G, and
decides independently with probability 1/2 whether or not {v, v’} is an edge.
Strictly speaking, this process induces a probability distribution on the space & (n)
of (ordered) graphs on n vertices, with each particular graph having probability

2—(;). It may happen that for some graph property £, it is true that
Pr{GeZ(n): G satisfies #} -1 as n oo,

In this case, a typical graph in & (n), which we denote by G,;,(n), will have prop-
erty # with overwhelming probability as n gets large. (For a much fuller discussion
of these concepts, the reader can consult [6], [15] or [2].) We sometimes abbreviate
this by saying that G,»(n) almost always has property 2. For example, Gy,;(n)
almost always has all but o(n) of its vertices with degree (1+o(1))n/2.

‘ The main thrust of this work will be to show the equivalence of a number of
disparate graph properties, all possessed by almost all G,,3(n), in the following
sense: Any graph satisfying any one of the properties must of necessity satisfy all
the others. We term such graphs quasi-random. We follow much in the spirit of
the recent seminal paper of Thomason [18] in which many properties of “(p, «)-
jumbled” graphs are presented (see also [17]). In both cases, such graphs share
many large scale properties with random graphs (with the appropriate edge prob-
abilities). For ease of exposition we have restricted our attention here to quasi-
random graphs corresponding to edge probability 1/2 (at the .end of the paper we
mention the more general situation). Our initial impetus for this work had its roots
in some early papers of Wilson [20], [21], and a more recent one of Rédl[16].
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2. Notation

Let G=(V, E) denote a graph with vertex set V and edge set E. We use the
notation G(n) (and G(n, €)) to denote that G has n vertices (and e edges). For
XV, welet X|; denote the subgraph of G induced by X, and we let e(X) denote
the number of edges of X|;. For ucV, define

nd(v) == {er: {v, x}€E}, deg(v):=|nd(®).

Further, if G’=(V’, E’) is another graph, we let N¥(G’) denote the number
of (labelled) occurrences of G’ as an induced subgraph of G. In other words, N&(G’)
is the number of injections A: V’/—V such that A(V)|g=G’. The quantity N¢(G")
is related to N§(G’), the number of unlabelled occurrences of G’ in G by

N3(G') = N&(@)|4ut (G)),

where Aut(G) denotes the automorphism group of G. We will often just write
N*(G’) if G is understood. The final related notation we need is Ng(G'), the num-
ber of occurrences of G” as a (not necessarily induced) subgraph of G. Thus, if G'=
=(V’, E’) then

(@) Ne(@) =2 NG (H)

where the sum is taken over all H=(V"', Eg) where E,2DE’.

3. The main results

We next list a set of graph properties which a graph G=G(n) might sat-
isfy. Each of the properties will contain occurrences of the asymptotic “little-oh™
notation o(-). However, the dependence of different o(-)’s on the particular
properties they refer to will ordinarily be supressed. The use of these o(.)’s can
be viewed in two essentially equivalent ways.

In the first way, suppose we have two properties P and P’, each with occur-
rences of ‘o(1), say. Thus, P=P(o(l)), P’=P’(o(1)). The implication “P=P’"
then means that if each o(1) in P(o(1)) 1s replaced by a fixed (but arbitrary) function
f(m=o(1) (i.e., f(n)—0 as n—o), then there is'some other function f'(n)=o0(1)
(depending on f) so that if G(n) satisfies P(f(n)) then it must also satisfy P( f'(n)).
The particular choice made for f depends on the context, common ones being n=1/2
and lflogn (when f(n)=o(1)). : , :

In the second way, we can think of considering a family & of graphs G(n)
with n--oc. In this case, the interpretation of o(1) is the usual one as G=G(n)
ranges over &.

P,(s): For all graphs M(s) on s vertices,
Ne(M () = (1 + o2 ().
The content of P,(s) is that all of the 2(;) labelled graphs M(s) on s ver-

tices occur asymptotically the same number of times in G (just as we would expect
for Gyp2(m).
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Let C, denote the cycle with ¢ edges.
n? nY
Py(1): e(G) = (1 +0(1))T’ Ng(C) = (1+0(1)) (—i-) .

Let A=A(G)=(a(», »)),,, ¢ » denote the adjacency matrix of G, i.e.; a(v, v')=1
if {v, v'}€E, and 0 otherwise. Order the eigenvalues 4, of 4 (which of course are real)
so that [1|=|Al=...={4,]. :

. n? n
B: e@®=(1 +o(l))—4—, M= +o(1))?, Ay = o(n).

We remark here that a result of Juhdsz([13] (see also [10]) shows that the
random graph Gy (n) has A;=(1+0(1))n/2 and A,=o0(n'/?>+*) for any fixed £>0.

B,: For each subset SCV, e(S) = ?1|S|2+o(n2).
P:  For each subset S SV with |S] = l%] e(S) = (%—l—o(l)) .

For v, v'€V, define
5(v, )= {yeV: a(v, y) = a(, y)}.

B 3lsto, u')—-gl = o(n).
P 02'/’ lnd(v)ﬂnd(v’)]—% = o(n®).

There are several implications among the P, which are immediate, e.g., B(s)=EB(s)
and B=-F;. Our main result asserts that for s=4, and even t=0, all the prop-
erties are in fact equivalent.

Theorem 1. For s=4 and even t=4,
B@#) = RBt)=>PAR@E)=>Pk>P>F~>F=>F=FE@4).

What was (initially) the most surprising to the authors was how strong the
(apparently weak) condition P,(4) actually is. Graphs which satisfy any (and there-
fore, all) of these properties we call quasi-random.

A weaker property of G(n) is the following.

B: 3 |deg()—5| = o(m?).

v

It follows easily (using the Cauchy—Schwarz inequality) that the following
property is equivalent to Fy:

P;: Al but o(n) vertices of G have degree (1+0(1)) %

In this case we say that G is “‘almost-regular’,
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Theorem 2,
TAOEF AT 2

One immediate consequence of Theorem 1 is the following.

Corollary, Let ¢>0 and suppose G=Gm)=(V, E) is quasi-random. Then for any
XCV with |X{=¢en, the induced subgraph X|g is quasi-random.

A number of results with a similar flavor have appeared in the literature. For
example, in addition to the work of Thomason mentioned earlier (who, for ex-
ample, proved P+ P,=F,), Frankl, Rédl and Wilson [8] (extending earlier work
of R6d1[16]) showed that B;=F,(s). (The proof given here is somewhat more direct.)
In [1], Alon and Chung proved that for regular graphs, P,=PF,.

The flowchart shown in Fig. 1 gives an outline of our proof. The symbol
F, by an edge indicates that the corresponding implication is proved in Fact i.

A {s)

@ T~
B

P1(2t)'-——————>P2(21‘q)=B py ED p
o o >®§@@ o

P6) —=> R} —=pp, —= > P, «——+P;

o . ke

Pi(3) —— P

Fig. 1

In the final section we list various examples, counterexamples, extensions and
open problems.

4, The proofs
We first make the following observation.
Fact 1. B(s+1)=R(s).

Proof. Suppose M(s) is a fixed graph on s vertices. There are 2° ways to extend it
to a graph on s+1 vertices. By P,(s+1), for each (s+ 1)-vertex graph M(s+1)
we have

NEM(s+1) = (1 +o@)m+127(3).

Since each copy of M(s)in G is contained in n—s (s-+ 1)-vertex subgraphs M(s+1),
we obtain

Na (M) = (1+o)r+12 ) 25n = (110 )w2™ ()
which is P (s), as required. [
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Fact 2. B, (3)=F,.
Proof. Let H;, i=1,2,3, denote graphs with 3 vertices and i edges. Then we have

(1) 3 deg () (deg (9)—1) = N*(H-+ N*(H) = (1 o(1) 5

by P,(3) where N*(-)=N&(-). On the other hand, by counting how often each
edge can contribute to the various N*(H;), we obtain

@ (n—2) 2 deg (v) = N*(Hy)+2N*(Hy) + N* (Hy) = (1 +0(1))n73-

Thus, we have by Cauchy—Schwarz,

3) @ +o(l))%s- = ;’ (deg(v))2 = %(? deg (v))? = (l +o(1))nTa,
so that

3 deg (6) = (1-+o(1) 5

which implies F, (or equivalently, 7). [
Fact 3. R(2:)=PF,(2t), t=2.
Proof. This follows at once using (0) and Facts 1 and 2. |}
Fact 4. F(4)=F,.
Proof, Denote the eigenvalues of A=A4(G) by
Ay Aoy vy An With 4] = |4, = ... = [4,).

First, it is easy to sec that

@) ol = (1+0(D) 5
since, for $=(1, 1, ..., 1), we have (see {11])
) il = %%) = L S deg ) = (F+o)n

Next, consider the trace tr (4*) of A% Clearly,
n 4
© Y= 3= bl = (o) 1¢ -
i=1

On the other hand, by examining how terms can contribute to #r (4% is it not hard
to see that

4
™ tr(4*) = No(C)+o(n') = (1 +o(1))-§’-6-;
Thus,

tr(4® =1 +o(1));'—;
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which by (4) and (6) implies

® = (1+o(h) 5
and, since all the A; are real,

2 At = o(n?)
i=2
so that |i;|=0(n), as required. J]

Fact 5. B,(2t)=P;, t=2.

The proof of Fact 5 is similar to that of Fact 4 and is omitted. It should be
noted here that the distinction between even and odd values of u for Py(u) arises
from the fact that when u=2¢ is even, each of the individual terms A¥ in the ex-
pression for #r (4%*) is nonnegative, thus allowing bounds on their magnitudes to
be derived from bounds on their sums (of 27" powers). This is not the case if u is
odd, and indeed, we will give examples (Sec.5) of graphs satisfying P(2¢+1)
which are not quasi-random.

Fact 6. P,=F,.

Proof. Let 5=(1, 1, ..., 1)". Since
48l = 4,1}
we have

3
S (deg @)t = (1 +o(1))"T.
However, by assumption,

1 n?
e(G) = 5 2 deg (1) = (1 +0(1))

so that by Cauchy-—Schwarz (as in (3))

P

v

deg (v)—gl = o(n?)
as required. |]
Fact7. B=F,.
Proof. Let ; denote a set of orthonormal eigenvectors corresponding to the eigen-
values 4; of 4 (so that ||&;||]=1). By hypothesis,
M= [—;—-{-o(l)] n, A=o0(), i=>1

Define a=é(1, 1, .., 1.

n

Y
Claim, [li —é,]j=0(1).
Proof of Claim. Write #i= > a,¢;,. Thus,
9 i A = ;’ ahy e,
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On the other hand, the j® component of the vector Ail is just deg (v,)/}/; where
v, is the j® vertex of G. Thus, by Fact 6, all but o(n) components of Aiz are

[%4-0(1)) Yn. This means we can write

Au = (%+o(1)) nii 4w
where all but o(n) components of w are o(;/a, and so |w]|=0(n). By (9) this
implies '

2 (/1,-—%] aé; = w+i-o(n),

il

n

: 1/2 o
[MZI’ (2-1_5) ai] = [W+it-om)f = o(n),

which in turn implies

= al=o(D).

Since #=a,e,+w; with |W||=0(1) while [i]]=|e]l=1, we have |a)]=1+0(1).
By a well known theorem of Frobenius (see [11]), all the coefficients of &, (which is
associated to 1,, the dominant eigenvalue of A) are nonnegative. Thus, a,=1+0(1)
which proves the Claim. |

Proof of Fact 7. Let §=(sy,...,5,) be the characteristic vector of SCV=

={v1, .0os Uy} 1.€.4
. {1 if ’D‘ES,
§; =

0 otherwise.
We want to show

(10) () = ISP +o(r)

Define §=5—(5, &)é,. Since (§,&)=0 then
(11) A¥, 5 = |Alls)>
We will next estimate ||§'[|2.and (45’,5"). First, we have

(12) 151 = 15—(, enal® = 13)° = IS|.
Also, _
(13)  (A¥,5) = (A5, 5)—2(5, &)(45, &)+ (5, &)’ (A&, &) = 2e(S)— 1, (5, &,)?
and
(3, &) = (5, d+ W) = |S|[Yn+G, w).

By the Claim, ||#,]=0(1), so that
K3, W)l = 811wl = Ve (IS]).
Thus,

(14) (8 &) = ISI/Vn+o(V1SI).
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Therefore, by (11), (12) and (13),

(45,5 = 2e(S)—-[—;-+o(l)] [SE+o(n®) = L[5 = |S]- o(n).
‘This implies
e(S) = 3 ISP+ o(n)
as required, and the proof of Fact 7 is completed. |
Fact 8. F,=>F,.
Proof. Suppose for any subset S&V

en?
3

() () 15T <

We will show that fewer than en vertices of G have degree greater than (%+a] n.
Suppose to the contrary that there is a set T of t=en vertices of degree greater

than 7 [%-}- e] n. Thus,

2deg(v) = [-;— + s) m.

vET
By hypothesis,
n2 '62’12
S
2 2.9
7y2 2,2
where T":=V\T and ¢ :=|T"|. Since
(16) e(T')+ 3 deg(v) = e(G) + (D)
then by the preceding estimates,
(t')z_f_z_f (_1— ] . n2»\ 82n2 .‘t2 @
a7 y\ 3 +l=+¢E tn<—I+T+-Z+ 3

2
This in turn implies '
(18) etn < &n®

which is impossible for z=en. _
It follows in the same way that fewer than en vertices of G have degree less

than [—%-—e] n. This implies F,, and the Fact is proved. §
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Fact9. Pi=F,. Assume that for any SSV,

e n?
- ——

3

1
‘3(5)—";|S|2

We will show that

s(v,v') —%] < 20en®,

2
which will imply B,. '
From the proof of Fact 8, all vertices of ¥ except for a set ¥ of size at most 2en

have degrees between [-;——s) n and [%—}- s) n. For vertices v, v'€V, define

Ly V)= [(weV: a(v,w) =i, a(v',w) =j}|
for 0=i, j=1. Thus,

’ » n
S V) + Sy (s v )——Z-I = ¢n

if v,veNM\Y: =V’ and, ((,j)=(0,0) or (1,1), and (i',j)=(1,0) or (0, 1).
Thus, in this case

L fin (¥ V) —foo (v, V)| = 2en.
For a fixed veV’, let X(v) denote the set

SO v')-—;’-l > 10en}.

{v’ ev’:

There are two possibilities:
(i) For all veV’, |X(v)|=2en. Thus,

and we are done. )
(ii) For some v,eV’, |X(vy)|>2en. Define

s(v, v’)—-én—l = 20en®

X, = {uEX(vo): s(vo, ) > -%+‘108n},

X, = {uGX(vo): S(vo, ) < g-— IOsn}.

Since |Xi|+|Xol=|X(vy)] then either [Xj|=en or |X,j=en. We will treat the
former case; the argument for the latter is very similar and is omitted.
Now, for each vcX;, v is adjacent to f;,(vy, V) vertices in nd(v,). Since

s (Vs v)>—;-+ 10en, we get

Fur(vo, v) = (s(vo, v)—2en)- 12 = —}+4an.
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Thus, the number of edges e(Xy, nd(v,)), which is the number of ordered pairs
(u.v), u€Xy, veénd(v,), is at least |Xj| (%+4sn]. By hypothesis,

et n?

o) > (+1368) -2, e(ndv) > (£ Indorgt) -5,

1 g, EnF
e(Xy Nnd(vy)) < I [ X1 Nnd(v,)| t—5-

Thus,
e(X,Und(vg)) = e(X1) +e(nd (vy)) + | Xq| (§+-4an] —3e(X; Nnd(vy)) =
2,2
19 =10+ dooP+ K] (5 +4en) - 252, Andoo =

E_i' IX]_ U nd(Vo)l2 + 82n2.
However, by hypothesis
; ’ 2,2
@0 (X, Und () = 1%, Und(o) + o

This is a contradiction to (19). This completes the proof of Fact 9. ||
Fact 10. F,=F,.
Proof. Suppose that for any subset SSV with [S]|=[n/2],

n’ 0
Ie(S)—ﬁl ~< &n
where ¢ is fixed. We will show that for any S'CV

le(S’ [Is’l]l < 20en®,

)

We will consider two cases:
(i) |S’|=n/2. By averaging over all subsets S” of S of size [n/2] we have

@1)
)= .2, ¢ (a1 2]" ity (e o) = (5) ()

In the same way we can prove the corresponding lower bound

= (5) -+

and this case is completed.
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(ii) |87 <g—. Suppose
(22) e(S) = -% [,gl) + 20en®.

Since n-lS'[>% than by case (i) for §:=V\§" we have

- bs)

<[ s

Thus, the number of edges e(S’, §°) between S’ and 5’ is
e(S’, 8') = e(G)—e(S")—e(S).

Now we will consider the average value of e(S'US”) where §” ranges over all
subsets of S’ of size [1/2]—|S’| (so that |S’US"|=|n/2]). This average is just

o2 CEUS ”)/ [ln;lzj——,ﬁ:sl"x] =
= ([n72]lﬁ}|)_l {e ) [[n72?lﬁg"|) +e(®) [[n';i 'j}Tf 2) +

+e(s, ) ([n’;i I-S;;'T-l 1)} =

B 2= IS DA2—IST1=1 e . (=D v won
I Sl e e e Gl by el R A

Ry QEIISDI  RIISD g
kI G e Yo o g LGy v il )

W]?s]][ ['S"]+2°‘°"2]—(,,(i"|/§31)_('ﬂ)|?{2_] ) (n :;SII]( +8]

However, this contradicts the hypothesis that all XSV with |X|=|n/2] have

(23)

e(X)< [—l-+a] n?, In the same way it follows that

e(S) > (l;"l) —20en®.
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This completes the proof of Fact 10. The reverse implication Fy=F is im-
mediate. ||

Fact 11. B=PF,,

Proof. Let A=A(G) denote the adjacency matrix of G, with eigenvalues A;
where [A;|=|d,|=...=|4,]. Since all but o(n?) entries of A2:=(b(v, v")), ¢y are
(1+o())nf/4 (by P) then for #:=(1,1,...,1) we have

) A151® = 2in = || 45|* = (45, 4D) = (4°3, B) = (1+o(1))n*/4
v J = (L+o(L)n/2.
Since all the 1; are real then
(4% =2 A = = (1 +o(D)n/16.
On the other hand, ‘
tr(d% = D'Z‘{' b(v,v)b(¥, v) = (1+0(1))n*(n/4)* = (14 o(1))n*/16

which implies
M=1+o()n2, A= o(n).

Now, define #:=5/Jn andlet &, ...,&, denote a set of orthonormal eigenvectors
for 4;,...,4,. Writing #i= > a;&; we have
i

2 2
A% = 3 a)i}e; = (1—+a(1))—"11-a+w = (1+o(1))"72aié,.+w
i : ) i
where all but o(n) components of w are o(n%2). Thus,

>(#-2fa= b (-2 at = 19 +oemare = ot

i>1

which implies 3 a}=o0(1). Since ii=a, &+ W, with || =0(1) and |#]|=1=|&]
>1
then we have a,=1+40(1). Therefore,

(di, 7) = ';1!'4”2 deg (v) = (A(@+ W), (&+W,)) = (1 +0(1))’;
which implies 3 deg (v)=(1+ (1)) nTz . Since

02'/ {nd(@) \nd(v')] = 2 deg (u)(deg () — 1) = (1 +o(1))n*/4

then by Cauchy—Schwarz we see that G is almost regular, i.e., satisfies F,. How-
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ever, this implies that almost all pairs v, v* have each f;;(v, v') (from Fact 9) equal
to (1+o(1))n/4. This in turn clearly implies F. ||

Fact 12. B=PF,(s).
Proof. Suppose

(24) Z|se, v’)——;—

We will show that for any graph M(s) on s vertices, the number N;:=Ng(M(s))
satisfies o

= o(n®).

N, = (L+o)r2~().

Assume the vertex set of M(s) is {v;, vy, ..., v,}. For 1=r=s, define M(r) to be
the subgraph of M induced by the vertex set ¥V.:={v, v,,...,v,}. We prove by
induction on # that

(25) N,:= N (M) = (1 +0(1)ny2™ )
where ' : _
ney=nn—1) (n—r+1).

For r=1, (25) is immediate. Assume for some r, 1=r<s, that (25) holds. Define
o:=(oy, ..., o) where the «; are distinct elements of [n]:={l,2,...,n} (which we
take to be the vertex set of G). Also define £:=(g, ..., &), =0 or 1, and (as
usual) for i,j€[n], a(,j)=1 if {i,j} is an edge of G, and O otherwise. Finally,
define

(@ 8) = |{i€[n): i # ay, ..., and a(i,0) =8, 1 sj=1}|

Note that N,_, is the sum of exactly N, quantities -f,(«,&). Namely, for each em-
bedding of M(r) into G, say A(v)=a;, 1=j=r, f,(a, &) counts the number of
ways of choosing i€[n] so that if we extend A to ¥, by setting A(v,.,)=i, and
take &;=a(v,4+1,v;), then 1 becomes an embedding of M(r+1) into G. Also
note that there are just ng)2" quantities f,(a, &), since there are n, choices for «
and 2" choices for &. Our next step will be to compute the first and second moments

of f(a,s).

To begin with, we have
Jim e S0 = — 3 3 S 8) = e S () = 22
nn i nn2 9% ne2' 4 2r
since every vertex isay, ..., &, corresponds to a unique choice for e. Thus,
é'f;-(“s ) = (n—r)ngy = Ngyyy.

Next, define
S, = d%'f,(a, e)(f(x, &) —1).

We claim that
(26) Sr = HZ; S(i’j)(r)'

To see this, we interpret S, as counting the number of ways of choosing
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e=(y, ..., &), £=(&;, ..., &) and two other (ordered) vertices i and j in [n] so that
a(,a) =g =a(f,a), 1=k=r.
Summing over all possible £ reduces this to requiring just that
a(i,p) =a(j,u), l=k=r

Now, think of choosing i and j first. The requlred additional r vertices &, ..., @,
must come exactly from {v€[n]: a(i, v)=a(j, v)}. Therefore, there are s(i, J)(,,
ways to choose them, which implies (26).

We next assert that (24) implies

1)) 2 800 )y = (1 +o(1))mr+22—7,
i#]
To see this, first define

. on N
&j=s(, )~
By (24), 3 le;l=0(n?). Also, lg;l=n. Thus,
i
2 lel® = n*7t eyl = o(n**?),  a fixed.
i=j i=J i

Therefore,

. . _ E_ . —
#Zj' S(l,])(,.) = i¢2j' [2 +61f](,,)

2’ > c,‘[ ) g% (for appropriate constants ¢;) =

k=0i#%j
ny &7 —k
=7 ”(2)"'2 ch eyt =
=0 istj
njyr S r—k, Kk
=|7) ">t 2 2 el leyl—Fn* =
K=0 i%)
nY r—1 i ek
= 3 n(2)+02n Zlaijl =
k=0 ' ixy
ny r—1 ka2
= 3] nwte 2 rto(r =) =
K=o

=[£'

J nar+or+ =
= n+32-7(140(1)

N

as claimed.
Note that by (26) and (27) we have

(28) S, = (1+o(1))nw+22-7,
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Consequently,

ZUEa-if= ZRewa-Z 7 = F(Fea-fe ot
+ 3 [0, 8)—npn 2 (n—r)?2-% = S, + i — i (n—r722"" = o(n"+3).

Finally, since from our earlier observation that

N1 = 2 fr(a9 5)

N, choices
of («,8)

then »
IN,s1 =N, J2 = I‘v 2 (S -F)? =

=N, ¥ (fi(z,e)=Ff) by Cauchy-Schwarz =
N, terms

= N,GZ; (fr(“’ 8)_‘.}'r 2=

= o(N, 1’ +%) = o(n¥+?)
by induction. Consequently,
INpo1 =N Fl = o(r+Y)
and so,

Neyr = N J+o(m+) = (1 +0(1))"(r)2_(;)'(n-—r)2"+0(n'+1) =

_(r+l)

= (l+0(l))n(,+1)2 27,

This completes the induction step and Fact 12 is proved. |
Fact 13. B(r)=F,.

Proof. This follows at once from the observation that
, n'
Ng(Cy) =2 3 [nd@)Nnd(¥)|) = (1 +°(1))'1?'

Applying Cauchy—Schwarz (twice) now gives the desired conclusion. J

5. Examples and counterexamples

In this section we present examples of quasi-random graphs as well as counter-
examples to quasi-randomness for various weakened forms of the previous graph
properties considered. We conclude with a discussion of open problems and future
directions.

To begin with we mention one of the most widely used examples of a deter-
ministic “random” graph, the so-called quadratic residue (or Paley) graph Q, (e.s.,
see [3], [12], [17]). Tt is defined for a prime p=1 (mod4) by choosing {i,;} to
be an edge of Q, precisely when i—j is a quadratic residue of p. It is common to
rely on estimates of Weil [19] or Burgess[4] for. character sums to establish the
randomness properties of Q, (see [12], [3]). However, it is quite easy to show that
the quadratic residue graphs are quasi-random. To see this, observe that a vertex
z is adjacent to both, or non-adjacent to both, of a pair x, y of distinct vertices of Q,
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is a quadratic residue of p. But for any of the

if and only if the quotient

—;—( p—1)—1 quadratic residues g other than 1, there is unique z such that

z=x _ . y—x _
z—-y " z-y
Thus, s(x, y)=%(p—3), so that P, holds.

We point out that Q, does deviate from random graph Gy,(p) in the
following way. The expected size of the largest clique in G,,(p) bas size
(1+0(1))(log p)/(log 2) (e.g., see [2]). However, the size of the largest. clique in Q,
is now known by a recent result of 8. Graham and C. Ringrose [23] to be as large
as ¢ logp loglog log p for infinitely many primes p. Earlier results of Montgomery
{14] show that assuming the Generalized Riemann- Hypothesis, we would have in
fact a lower bound of ¢ logp loglog p infinitely often.

Yet another family of examples of quasi-random graphs arises from finite
projective or affine planes. Let IT be an affine plane of order n, for example, a 2-di-
mensional vector space over a field of n elements. Let S be a subset of the n+1
points at infinity (i.., 2 subset of the n+1 “slopes” of lines) and define a graph
G, whose vertices are the points of IT and where vertices x and y are adjacent if
and only if the slope of the line of IT they determine belongs to the set S. As long

n

a.

as |S] N G, will be quasi-random. The only property among P—F, which is
casily verified directly is F;; the others follow, of course. (In fact, if |S|= n—;—l s

then s(x, y) is exactly % (n?—3) for any pair of points x, y. For any S, G, is strongly

regular — these are examples of so-called Latin square graphs.)

Simple observations also show that the following graph G (n) (or any of its
many relatives; see [9], [7]) are quasi-random: The vertices of G(n) are the n-sets
of a fixed 2n-set; {v, v’} 1s an edge of G(n) iff |[vNv'|=0 (mod 2).

By a bisector of a graph G on a set ¥ of n vertices, we mean the set.of edges
between some set X<V of size |n/2| and the complementary set X:=V\X. Ina
random graph, we expect the number of edges e(X, X) in any bisector to satisfy

(29) e(X, X) = [%+ o(1)] ne.

This also holds (by property P;) for quasi-random graphs as well. However, having
good bisectors is not enough to guarantee quasi-randomness as the following example
shows.

Let G(n) denote a graph on n vertices constructed as follows. The vertex set
of G(n) consists of two disjoint sets ¥ and V” of sizes |n/2] and [#/2], respectively.
On ¥ we have a complete graph while on ¥” there are no edges. Between V and ¥’
we place a random bipartite graph (with edge probability 1/2). ‘A simple computa-
tion shows that (29) holds for any set X<V UV’ with |X|=[n/2], although G(n) is
far from being quasi~-random.

However, it is true that (29) together with almost-regularity (or property F,)
is in fact g quasi-random property.



QUASI-RANDOM GRAPHS 361

Let G*(4n) denote a graph on 4n vertices constructed as follows. The vertex
set of G*(4n) consists of four disjoint sets ¥, V,, Vi, Vi, each of size n. On ¥
and ¥, we have complete subgraphs. Between ¥; and ¥, we have a complete bi-
partite graph. Between VUV, and V,U¥; we place a random graph (with edge
probability 1/2). It is easy to check that G*(4n) satisfies B(3), B, and F(2t+1)
for any fixed ¢, but is not quasi-random. As mentioned earlier, this shows the real
difference there is in this context between even and odd cycles.

Let H(n) be the graph consisting of the disjoint union of a comglete graph

K,;oand anindependent set K, of size n/2. Then Ny,,(C))=(1+0(1)) —;% although

H (n) is not quasi-random. Of course, H () fails to satisfy the edge constraint required
for Py(4). : ‘
In a similar vein, the graph L(n) consisting of a star with degree n/2 together

with n/2 independent vertices has largest eigenvalue .4, =(1+0(1)) %, and second

largest eigenvalue .1,=o(n), but is not quasi-random. Again the problem is the
failure to satisfy the edge requirement of P;.

Let us call a family &# of graphs forcing if Ngy(F)=(1+0(1))n*2-¢ for all
F=F(v, e)¢# implies G(n) is quasi-random. In other words, if each F¢# occurs
as a subgraph of G(n) about the same number of times it does in random graph
Gy55(n) on n vertices, then G(n) is quasi-random. What are the forcing families?
For example, by Fact 4 we see that if F, denotes the path ¢ vertices then {F,, Cy}
is a forcing family (as is {F,, C,,}, more generally). On the other hand, as we have
just noted, {P,, Py, C,} is not a forcing family. Other examples of forcing families
are {Cy, Cy), 874, {P5, Ky 1}, 1=2, and {K;,, K, .}, s#1=2.

Another variation of this is the following. Let us call a graph F with ¢ dis-
tinguished vertices vy, ..., v; is forcing if:

(30) 2 1sCs - i) = E(F)| = o(n)- E(F)

(where s(iy, ..., I,) is the number of mappings 4 of F into G(n) with A(v)=i,
I=k=t, and E(F)=Ng(G,;(n), the expected number of occurrences of F in a
random graph G,,(n)) implies G(n) is quasi-random. It is not difficult to show
that if F is any star with all endpoints distinguished, or a path of length 3 with
both endpoints distinguished, or C, with two opposite vertices distinguished, then
F is forcing. However, a triangle with one vertex specified is not forcing. This can
be seen because for the graph G consisting of two identical disjoint components,
each being a random graph G,(n/2) with p=2-13, (30) holds with F=K, (although
G is not quasi-random). A challenging problem is to characterize the forcing graphs.

As we mentioned at the beginning we have restricted our notion of quasi-
randomness to correspond to “imitating’ the graphs Gy/,(n). The analogous results
can be established by basically the same arguments: for the general case G,(n),
O0<p=1. In fact, many of the results can be extended to the case when p=p(n)—~0
as n-o (e.g., p(n)=n=* for various «>0). However, these investigations we
leave for a later paper (see also [17]).

We point out here that the following interesting related question has been
raised by Erd8s and Hajnal in [5]. Suppose H is a fixed graph and G(n) contains
no induced subgraph isomorphic to H. Is it then necessarily true that either G(n)
or G(n) contains a complete subgraph of size n® for a fixed e>0? It is known to

be true if n® is replaced by exp (c Vlog n).
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Finally, we mention that it would be of great interest to know what the

analogues of the preceding results might be for hypergraphs. Some first steps in
this direction are taken in [22].

The authors wish to express their appreciation to N. Pippenger for several

useful comments on an early draft of this paper.
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